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ABSTRACT 

We describe a model of D-brane inflation on fractional D3 branes transverse 
to a resolved and deformed conifold. The resolution and the deformation are both 
necessary for inflation. The fractional branes slowly approach each other along the 
5*"^ and separate along the 5*^ in the base of the conifold. We show that on the 
brane this corresponds to hybrid inflation. We describe the model also in terms of 
intersecting branes. 
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1. Introduction 



The idea that we hve on a three-dimensional brane is very intriguing and has 
become very popular in recent years. There are a number of semi-realistic real- 
izations of this idea in string theory which use D-branes. A particularly simple 
construction is in terms of D3 branes which are transverse to a conifold singu- 
larity of a six-dimensional Calabi-Yau manifold[l]. In this letter, we show how 
cosmological inflation can occur in such models. The type of inflation is necessarily 
D-brane inflation realized by two branes slowly moving towards each other in the 
bulk[2-ll]. In particular, we consider a variant of this scenario in which inflation 
occurs on fractional branes and arises due to the resolution of a singularity in the 
geometry transverse to the brane. (For the first example of this see ref. [12].) 

We show that inflation occurs when we consider fractional D3 branes on a 
resolved and deformed conifold. A conifold can be described as a cone over 
We consider a D3 brane transverse to the conifold separated into two fractional 
D3 branes on the S^. The origin of inflation is the resolution of the conifold 
singularity which replaces the tip of the cone with an of finite size. The infiaton 
mass arises from another deformation of the conifold towards an ALE x (which 
is basically a deformation of the fiber structure) and results in a slow motion of 
the two fractional branes towards each other. On the brane world-volume, this 
corresponds to hybrid infiation[13]. We obtain a brane/bulk dictionary for all the 
parameters and show that the WMAP constraints [14] can be satisfied for the string 
parameters. We also describe the relation of our model to other D-brane inflation 
models which are given in terms of Hanany-Witten constructions[7,ll]. 

This letter is organized as follows. In the next section, we describe the conifold 
and its resolution and deformation that are relevant for our purposes. In section 
3, we obtain the scalar potential on the D3 brane world-volume and show that it 
leads to hybrid inflation that satisfles the WMAP constraints. In section 4 we give 
an alternative description of our model in terms of Hanany-Witten constructions. 
Section 5 includes a discussion of our results and our conclusions. 
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2. The Conifold and Its Deformations 



In this section we describe the conifold and two of its deformations. (Through- 
out the paper we use the term deformation for deviations of the conifold from its 
standard form and not for the blow-up of an at its tip. [15]) We describe two 
different deformations of the conifold: its resolution by an at the tip and a 
deformation of the conifold towards ALE xT^. As we will see in the next section, 
these two deformations will give us the anomalous D-term and the inflaton mass 
on the world-volume of a D3 brane transverse to the conifold. 

The conifold is defined by the equation 

zl + zi + zl + zl = (1) 

which can also be written as 

zl + zl + zl = -zl (2) 

In this form, the conifold is described as a fibration where the base is the 2:4 plane 
(or the compactified sphere) and the fiber is a Z2 ALE space with a size that varies 
linearly with \z^\. Let us define = X4^ + iX^ and take the ALE space to be along 
the Xq^Xt^X^^Xq directions. In the orbifold limit, the ALE space is defined by 
the Z2 identification (Xe, X7, Xg, Xg) = —{Xq^Xj^X^^X^). Thus there is a fixed 
plane (given by z^ at Xq — X'j — X^ — X^ — 0. In addition, the size of the whole 
ALE space vanishes at = = which gives the conifold singularity. 

The conifold can also be described as a cone over the space T^'^ with the metric 

ds^ = dr'^ + r^dsyi.i (3) 

with 

= n (c^^ + cos9id(t)if + - V(rf^f + sin'^9id(j)if (4) 

1=1 t+i 

as the metric for T^'^. Here (^^i, 0i) and {62, ^2) parametrize two S'^s. We see that 
the space can be seen as a (or ^7(1)) bundle fibered over S"^ x S"^. Since an 
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fibered over an gives an S^, the conifold is a cone over 5"^ x S^. At the tip 
of the cone both spheres shrink to zero size. In terms of the coordinates Xi, the 
(compactified) planes ^4^5 and Xs,9 describe the two S\. The fiber is along 
the Xq direction whereas the transverse directon parametrized by r is along X^. 

The first deformation of the conifold we are interested in is its resolution. This 
is obtained by replacing the singular tip of the cone or the orbifold singularity of 
the ALE fiber by an S'^. The Z2 ALE fiber at 2^4 = is given by 

zl + zl + zl^O (5) 

We can resolve the singularity by blowing up the a sphere of radius R. This is 
described by 

zl + zi + zi^R" (6) 
If we write Zi = Xi + iyi then eq. (6) becomes 

xi-y'i^R^ XiVi^O (7) 

Now define r"^ — xf + yf. Then for = we need to have yi — and xf — R^ 
which is a sphere of radius R. After the resolution, the ALE space becomes a 
smooth Eguchi-Hanson space. The above sphere replaces the singular tip of the 
cone in eq. (2); at the tip of the cone shrinks to zero size but shrinks to a 
finite size. 

The second deformation of the orbifold is described by 

zj + zl + zl^-Czl (8) 

where < C < 1 is a constant. Clearly when C = 1 we have the conifold. On 
the other hand, when C = 0, eq. (8) describes the Z2 ALE space. This means 
that the conifold becomes ALE x when C = 0. Thus, eq. (8) describes a one 
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parameter deformation of the direct product ALE x towards an ALE fibered 
over an S^. We parametrize the constant C hy C — sin9; in section 4 we will see 
the geometrical meaning of this parametrization. 

Since we are interested in the conifold deformed by both deformations we 
consider the six-dimensional space given by 

zl + zl + zl^ -Czj + R^5{za) (9) 

with C and it! constants. Note that the last term is nonzero only at the tip of the 
conifold where we blow up an 5"^. If this term were nonzero for any ^4, it would 

give us a deformation of the conifold which describes a blow up of an 5''^; however, 
we are not interested in this. 

3. D— Brane Inflation on a Resolved and Deformed Conifold 

We now consider a D3 brane (along XQ,Xi,X2,X:i directions) transverse to 
a six-dimensional compact Calabi-Yau manifold which locally (around the brane) 
looks like the deformed conifold given in eq. (9). Since the space transverse to 
the brane is compact, there is four dimensional gravity on the brane world-volume 
with Mp ~ VcY / ol^^s where Vcy is the volume of the Calabi-Yau manifold. The 
conifold breaks supcrsymmetry to 1/4 and the brane breaks an additional 1/2; as 
a result wc get J\f = 1 supcrsymmetry on the world-volume. For one such D3 
brane, the matter content is given the U{1) x ^7(1) gauge group and two pairs of 
bifundamental chiral multiplets, Ai^2 an -61,2 and a pair of neutral scalars ^. Ai 
and Bi carry the charges (1,-1) and (—1,1) respectively [16]. The D3 brane can 
be broken into two fractional D3 branes under certain conditions. These fractional 
D3 branes carry half the charge and tension of a regular D3 brane and can be 
considered as D5 branes wrapped over a vanishing (or as in our case nonvanishing) 
5"^ at the tip of the conifold[17,18,19]. When the D3 brane is at = Xg = (or at 
the origin of the corresponding 5*^), it can be broken into two pieces that may move 
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independently along X4^,X^ (or the other corresponding S"^). The scalars Ai and 
Bi describe the position of the fractional D3 branes along the Xq,Xj and X%,Xq 
directions respectively. $ and l» parametrize the distance between the fractional 
branes along the X4,X5 directions. This theory has the superpotential[16] 

W{Ai, Bi, $) = y Tr^{AiBi + A2B2) + g Tr^BiAi + B2A2) + (10) 

Note that the Yukawa coupling is given by the gauge coupling due to the original 
M — 2 supersymmetry[18] with 



The scalar mass m in eq. (10) is related to the conifold deformation parameter 
C = sinO. When C = 0, the conifold becomes ALE x and there is jV = 
2 supersymmetry on the D3 brane. This means that m = for C = 0. On 
the other hand, when C = 1, we have the (not deformed) conifold with jV = 1 

supersymmetry without the scalars $, $ (coming from the vector multiplct). Thus, 
for C = 1 wc get m — > 00 so that the neutral scalars decouple. These conditions 
can be satisfied by 



The sum of the C/(l)'s, (l/2)[[/(l)i + ^^(1)2] is irrelevant for our purposes {Ai 
and Bi are neutral under it) and can be neglected. Under the orthogonal combi- 
nation (l/2)[C/(l)i — C/(l)2] the Ai and Bi have charges of 1 and —1 respectively. 
We can set the A2 and B2 to zero for our purposes. (However, it was argued in ref. 
[20] that the presence of these scalars is crucial for eliminating dangerous cosmic 
strings that form after inflation.) In addition, we are left with only one neutral 
scalar related to the difference of the t/(l)'s, (l/2)($ + $). Renaming this neutral 




(11) 



C 1 tand 



(12) 



(l_C72)i/2 27r4 27r4 
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scalar $ (with an abuse of notation) and 0i = Ai and 02 = -Bi we get the scalar 
potential (from the F-terms) 



Vf{(I>i, h, ^) = ^'(|0i|' + 1021") 1^1" + g'\(l>i\''\H'' + m''m'' (13) 



There is an additional D-term contribution to the scalar potential from the 
two charged scalars 0i^2- Moreover the resolution of the conifold, i.e. orbifold 
singularity of the ALE fiber at Xq — Xt — Xg — Xq — (and at X4 — X^ — 0) by 
blowing it up by a sphere of radius R, correponds to an anomalous D-term, ^, on 
the brane world- volume [21]. The D-term contribution to the scalar potential is 

^i?=^'(|0i|'-|02|' + O' (14) 



The extra tension of the wrapped D5 brane due to the blow-up must be equal 
to the energy density on the brane world-volume that arises from the resolution 
of the singularity, i.e. the anomalous D-term. Thus we have 



which gives 



R 



The total scalar potential on the D3 brane world-volume Vtot — Vp -\-Vd is 
precisely the potential that gives hybrid inflation with the trigger held 02 and the 
inflaton $ deflned by 

X^ + lX^ XQ + iX7 , Xs + iXg 

^^^^ "^'^^^ "^'^^^ ^''^ 

We remind that, for the conifold, the complex planes X4 + iX^, and Xg + iXg are 
compactified to two ^^'s and the plane Xq + iX-j describes the U{1) fiber and the 
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radial direction. Consider an initial state with 0i,02 >> ^ > S'VC- this case, 
due to their large mass (i.e. m > H) 0i 2 will settle to the minimum of their 
potential at (t>i — (t>2 — 0. For m$ < H, the inflaton, $ will slowly roll down 
its potential which corresponds to the inflationary era. Prom the bulk point of 
view this describes fractional D3 branes slowly moving along the X4, X5 directions 
or on the S"^ (with both branes at the same Xq^X'j^X^^Xq coordinates). When 
the branes get too close to each other and $^ < g^^, the trigger field 02 becomes 
tachyonic and starts to roll towards its new minimim at 02 = V^- In other words, 
as the branes approach each other along ^4,^5 (5'"^), they start separating along 
Xg, Xq {S^). Inflation ends when the slow roll conditions are violated, i.e. ~ H 
or m| ~ g^{-(f)2 + 0'^/M],. The final state is given by 0i = 0, 02 = and $ = 
which describes two fractional branes at the same X^^XX^^Xq^Xj coordinates 
but separated along Xs,Xq. Thus at the end, the branes are at the same r and -S"^ 
coordinates and separated only on the blown-up 5"^. 

In order to be realistic, our model of D-brane infiation has to satisfy the 
WMAP constraints[14]. First and foremost, the slow-roll constraints given by 
< ei < 0.022 and —0.06 < €2 < 0.05 have to be satisfied. Here ei — e and 
€2 — 2{e — Tj) which are defined by the slow-roll parameters 

e — — 

and 

^ = M|. J (19) 

Inflation occurs when 6,77 << 1 and ends when at least one of them becomes 
of 0(1). Our model also has to produce the correct amount of scalar density 
perturbations; 18.8 x 10~^° < As < 24.8 x 10~^° where 

tt2 

As is related to the magnitude of density perturbations by 5p/p ~ A^. The ratio of 
the amplitudes for the tensor and scalar perturbations must satisfy < < 0.35 



^--^[y] (18) 



,'V" 
t2 I ^ 
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where R ~ 16ei. The scalar and tensor spectral indices which parametrize the 
deviations from scale invariant perturbations are constrained by 0.94 < Ug < 1.02 
and -0.044 < nt < where 



~ 1 - 2ei - £2 nt ~ -2e2 (21) 

In addition, the models must result in about 60 e-folds of inflation 

N = Mp"^ J ^d(p - 60 (22) 

Using the total potential, Vtot — Vf + Vd given by eqs. (13) and (14) we find 
for the slow-roll conditions (with the parametrization $ = s/27ri^) 

2Mj,m^^j d>7:^Mlg1litan^e ^ 
^1 = ^4^4 = « (23) 

and 

4M2m2 /m2$2 \ 647r5M|, ton^^^f / sHan^OT^gstl ,\ 

^ VTe'l^ 1 — V ^''^ 

The number of e-folds is given by 

o2f2 

iV = o ^o^(— ) = ^logi-) (25) 

where Sj, Sc are the initial and critical values of the distance between the branes 
respectively. The magnitude of scalar density perturbations is 

^^e^ R^ 

^ ^ (26) 



167r2M|,m4$2 {32)^7r'^^glel'2Ml,sHan'^e 

The constraints given by eqs. (23)-(26) must be satisfied by the string parameters 
^, gs, 4, R- 
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4. An Alternative Description 



Our D-brane inflation model is closely related to others as we show below. 
First consider the conifold with C = in eq. (9). In this case the space transverse 
to the fractional D3 branes becomes ALE x T^. The neutral scalar mass vanishes 
and supersymmetry is enhanced io H — 2. This is precisely the model considered 
in ref. [12] and results in D-term inflation[22,23,24,] on the fractional branes. 

Our model can also be realized in a Hanany-Witten type of brane construc- 
tion. Unfortunately these cannot be compactifled and therefore serve only as 
a realization of our model close to the orbifold (or conifold) singularity. In 
the brane construction the conifold is described by an NS5 brane along the 
Xq, Xi, X2, X:i, X/^, directions with another NS5 brane perpendicular to the 
flrst one along the Xq, Xi, X2, X3, Xg, Xg directions (and denoted by N 35^^/2 due 
to the rotation from the X4, X5 plane to the Xg, Xg plane). The branes are at the 
same X7 coordinate but also separated along the Xq direction which is compact- 
ifled. Compactiflcation of the Xq direction can be described by two NS5 branes 
of the flrst type (which are identifled) with an NS5^/2 brane between them. The 
fractional D3 branes of our model are now described by two segments of D4 branes 
along Xq, Xi, X2, X3, Xq and stuck between the two types of NS5 branes. As long 
as the two NS5 branes are at the same X7 coordinate, the segments of D4 branes 
are free to move along X4, X5. The neutral scalar $ describes their position on this 
plane. The two charged scalars (pi and 4>2 parametrize the position of the segments 
on the X4,X5 and Xg,Xg planes respectively. 

The resolution of the conifold by blowing up an at its tip is described by 
separating the NS5 and NS5^/2 branes along the X7 direction. As expected, this 
results in an anomolous D-term on the D4 brane world-volume. The deformation 
given by C in eq. (8) is described by the rotation of one of the NS5 branes relative 
to the other (so that the angle between them becomes 7r/2 — 9). This makes sense 
because if we make the two NS5 branes parallel (i.e. 9 = 7r/2) then we get an 
J\f = 2 theory which corresponds to an ALE X T2 as required. Thus, in this case. 
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the deformation is described by a physical rotation in the bulk by an angle 0. The 
mass of $ is given by m$ = tan9/27r£s which is exactly eq. (12). This justifies our 
parametrization of the parameter C in terms of an angle. 

The branc construction described in the previous paragraph also gives the 
scalar potential in eqs. (13) and (14) and results in hybrid inflation on the D4 
branes (with the caveat about compactification) . The two fractional branes (seg- 
ments) are initially separated along ^4,^5. Due to the tilt of the NSq, this is not 
a supersymmetric configuration. As a result, the two segments move slowly toward 
each other which gives hybrid infiation. In the meantime, the segments separate 
along the Xs,Xq directions. The final state is given by the segments separated 
only along the Xg,Xg directions. 

This is quite similar to the brane constructions in rcfs. [7] and [11]. However, 
note that the D6 brane that appears in those cases is missing above. In this model 
the scalar fields arise from strings stretched between the two fractional D4 branes 
(segments) rather than between a D4 and a D6 brane. The absence of the D6 is 
crucial for the compactification of the transverse space. 

5. Conclusions and Discussion 

In this letter, we obtained hybrid infiation on fractional branes transverse to 
a resolved and deformed conifold. The origin of infiation is the resolution of the 
conifold by the blow-up of its tip. The infiaton which describes the slow motion of 

the two fractional D3 branes on the S'^ obtains its mass from the deformation of the 
conifold given by eq. (8). By deriving a brane/bulk dictionary of the parameters 
we showed that the model can satisfy the WMAP constraints. We also discussed 
the relation of our model to other D-brane infiation models, most notably those 
that are built as Hanany-Witten models. 

It is well-known that, after infiation, when the scalars reach their minimum 
(with potential in eqs. (13) and (14)) cosmic strings will be created[25,26]. These 
are not the recently discovered cosmic D-term strings[27,30] even though we can 
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have D3 branes wrapping the resolved 5"^ at the tip of the conifold. The reason is 
the existence of the scalar potential which must vanish for the D-term strings to 
be stable[27]. In the string setup this can only occur if the transverse manifold is 
a conifold which is not deformed, i.e. when C — 0. The cosmic strings that are 
generated would seem to be dangerous since they will contribute a large amount 
to the energy density and result in density fluctuations that violate the WMAP 
bounds. However, recently it was noted that the existence of the second pair 
of charged scalars (that arise from the underlying J\f — 2 supersymmetry of the 
model and have been set to zero) solves this problem[20]. Due to this extra pair, 
the cosmic strings are not local but only semilocal. They are marginally stable 
since the Yukawa couphng equals the gauge couphng[20]. As a result, these cosmic 
strings are not created after inflation. 

The model can also describe quintessence on a brane with another (but unatu- 
ral) choice of parameters. Taking ^ ~ 10~^° M|, would give a reasonable model of 
quintessence without explaining the smallness of the vacuum energy. The above 
value of ^ requires an unnaturally small value for the blow-up radius. Note that 
this case would correspond to hybrid quintessence[29] which ends after a flnite time 
and therefore does not suffer from problems related to string theory on space-times 
with cosmological horizons. 

It would also be interesting to flnd a holographic description of D-brane in- 
flation of the fractional branes along the hues of the dS/CFT correspondence [30]. 
Inflation on the brane would correspond to a renormalization group flow oiaAf — 1, 
Euclidean 3D theory towards a flxed point [31,32]. A dictionary between the Eu- 
clidean CFT and the bulk physics would help to clarify these issues. 

Our model can be easily generalized by considering a cone with a base that is 
given by an Zn ALE space flbered over 5"^. In this case, the brane theory becomes 
a [/(I)" quiver theory with mater in the bifundamental representations. There are 
n — 1 possible 5"^ that can be blown up at the tip of the cone. Each one of these 
would correspond to a different D-term on the brane world-volume and would be 
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a source of inflation. As above, the inflaton mass arises from the deformation of 
the fibration. The D-brane inflation scenario in the bulk and hybrid inflation on 
the brane would occur exactly as in our model. Thus, it seems that our model is 
quite robust and describes inflation on many singularities of Calabi-Yau manifolds 
in addition to the conifold. 
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